Superconductivity is an emergent phenomena in the sense that the energy scale associated with Cooper pairing is generically much lower than the typical kinetic energy of electrons. Addressing the mechanism of Cooper pairing amounts to determine the effective interaction that operates at low energies. Deriving such an interaction from a bottom-up approach has not been possible for any superconductor, especially strongly correlated ones. Top-down approaches, where one assumes an effective interaction, is plagued with the difficulty of extracting the implied electronic instabilities without uncontrolled approximations. These facts severely hinder our ability to determine the pairing mechanism for high temperature superconductors. Here we perform large-scale sign-problem-free quantum Monte-Carlo simulations on an effective theory, featured with antiferromagnetic and nematic fluctuations, to study the intertwined antiferromagnetic, superconducting, and charge density wave instabilities of the cuprates. Our results suggest the inclusion of nematic fluctuations is essential in order to produce the observed type of charge density wave ordering. Interestingly we find that the d-wave Cooper pairing is enhanced by nematic fluctuations.
Superconductivity is an emergent phenomena in the sense that the energy scale associated with Cooper pairing is generically much lower than the typical kinetic energy of electrons. Addressing the mechanism of Cooper pairing amounts to determine the effective interaction that operates at low energies. Deriving such an interaction from a bottom-up approach has not been possible for any superconductor, especially strongly correlated ones. Top-down approaches, where one assumes an effective interaction, is plagued with the difficulty of extracting the implied electronic instabilities without uncontrolled approximations. These facts severely hinder our ability to determine the pairing mechanism for high temperature superconductors. Here we perform large-scale sign-problem-free quantum Monte-Carlo simulations on an effective theory, featured with antiferromagnetic and nematic fluctuations, to study the intertwined antiferromagnetic, superconducting, and charge density wave instabilities of the cuprates. Our results suggest the inclusion of nematic fluctuations is essential in order to produce the observed type of charge density wave ordering. Interestingly we find that the d-wave Cooper pairing is enhanced by nematic fluctuations.
In the last few years it is established that in addition to the antiferromagnetic (AF) and superconducting (SC) orders both electron and hole doped cuprates superconductors exhibit the propensity toward charge density wave (CDW) order [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . These instabilities together with nematicity [13] [14] [15] [16] form the so-called "intertwined orders" of the cuprate superconductors [17] [18] [19] . It is highly demanded to find the correct effective interaction for the cuprates that drives all the above instabilities.
The theoretical progress in the cuprate high temperature superconductors has been hindered by the strong electron-electron correlations. In particular un-biased calculations with no uncontrolled approximation are extremely rare. Under such circumstance phenomenological approaches based on various degree of approximations and the assumption that antiferromagnetic fluctuation is mainly responsible for high temperature superconductivity and all its "intertwined" orders have been useful for the understanding of the plethora of electronic instabilities in cuprates [18] [19] [20] [21] [22] [23] [24] [25] . Low energy effective theories involving the AF fluctuations and the electrons around hot spots (i.e. the momentum space points situated at the intersections of the normal state Fermi surface and the AF Brillouin zone boundary as shown in Fig. 1(a) ) have been used to address the AF quantum phase transition [26] [27] [28] [29] . Recently an insightful work of Berg et. al. [30] has achieved in performing a sign-problem-free finite temperature quantum Monte-Carlo simulation on an effective model featuring the AF fluctuations and electrons whose band structure shares the same hot spots as the cuprates. The results suggest that quantum critical AF fluctuation enhances Cooper pair correlations in the d-wave channel (although the d-wave long-range order has not be numerically observed). Since recent experimental progresses show an incommensurate CDW instability is ubiquitous among all cuprates,it is natural to ask whether such an effective theory can account for the CDW instability as well.
Here we perform large-scale zero-temperature signproblem-free projector QMC simulations [31] [32] [33] to answer this question (see supplemtnary information VI for a detailed description). The main results are summarized as follows. (1) We show that the ground state of the effective theory in Ref. [30] has d-wave superconducting long-range order and the d-wave pairing is strongest A prototypical Fermi surface of cuprates is shown in Fig. 1(a) . It originates from a band derived from the copper 3d x 2 −y 2 and the oxygen 2p x/y orbitals. The hot spots (the green dots) are the intersections of this Fermi surface and the AF Brillouin zone boundary (the dashed lines). In the same figure the (π, π) AF ordering wavevector is shown as the purple arrow. The fact that the AF fluctuation scatters electron within the same band hinders sign-problem-free QMC simulations so far. Following Ref. [30] we consider a two-band model. The two bands are derived from two orbitals on each site of the square lattice. The Fermi surface (marked red and blue in Fig. 1(b) ) of this model features the same hot spots. Moreover up to linear order in the momentum deviation from the hot spots the electron dispersion is very similar to that of the cuprates. These facts motivate one to think that an effective theory based on this new band structures and the AF fluctuation can be used to simulate the low-energy physics of cuprates when the system is not too far from the AF quantum critical point [30] .
The AF effective action based on the two-band model consists of the band electrons coupled to an fluctuating AF order parameter by the Yukawa coupling. The details are given in supplementary information I. The most important parameter in this action is r s which tunes the system across the AF quantum phase transition. More specifically the disordered phase lies in the range r s > r s,c and the ordered phase requires r s < r s,c , where r s,c marks the AF quantum critical. Our large-scale projective QMC simulation is carried out on a square lattice with N = L × L sites. Unless otherwise mentioned we use periodic boundary condition. From the finite-size scaling of the Binder-ratio [34] associated with the AF order parameters (see supplemental materials), we determine r s,c ≈ 0.25 which is consistent with the value obtained in Ref. [30] . In the following we present the simulation results on the SC and CDW instabilities and their dependence on the nematic fluctuations.
Cooper pairing induced by AF fluctuations
To investigate whether this model with AF fluctuations [see Eq. (S1) in supplementary information II] supports superconductivity we compute the equal-time pair-pair correlation function P s/d ( x i ) . Here s/d denotes s-wave and d-wave pairing, respectively and x i is the separation of the two pairs. In Fig. 2(a) we plot the sand d-wave pair correlation functions P d(s) ( x max ) = To determine whether the ground state has SC long-range order we focus on r s = 0.5 > r s,c . (We choose this value because the relevant high T c systems do not sit at the AF quantum critical point.) We carefully study the finite-size dependence of P d(s) (L/2, L/2) for L = 8, 10, 12, 14, 16, 18. As shown in Fig. 2(b) the d-wave pair correlation function saturates to a non-zero value after extrapolating to L = ∞. (The red curve is the best fit using a quadratic polynomial of 1/L). In contrast the s-wave pair correlation extrapolates to zero in the thermodynamic limit. These results clearly suggest that the ground state possesses d-wave SC long-range order.
CDW correlation induced by AF fluctuations
In the last few years resonant X-ray scattering experiments on hole doped YBCO [4, 5] and Bi2212 [7, 9, 11] shows the existence of a short-range incommensurate CDW order. Moreover the order parameter has an approximate d-wave form factor [6, 10] , and the ordering wavevectors are consistent with those connecting nearby hot spots [7] . In this section we ask whether the AF fluctuation can also trigger this CDW order. Because experimentally the strongest CDW modulation is observed among the oxygen sites (i.e. the mid points of the CuCu bonds) [6] , we focus on the bond CDW. We study two types of bond CDW structure factor S s/d ( Q) (see supplementary information III). Here s/d denotes the s and d-form factor. When this quantity extrapolates to a non-zero value for a particular peak wavevector Q 0 as L → ∞, it implies the existence of long range bond CDW order with modulation period 2π/| Q 0 |. Experimentally the strongest bond CDW modulation is observed for Q 0 = (±δ, 0) and (0, ±δ) in the Cu-Cu bond directions with δ ≈ 2π/3 [4, 5, 7, 9, 11] . In Fig. 3(a) we present the results of S s/d ( Q) for L = 16. Given the fact that the wavevectors connecting the hot spots can be both diagonal and horizontal we scan Q in both directions. As shown in Fig. 3(a) for each direction the d-wave bond density wave correlation is stronger than the s-wave one which is consistent with the d-form factor found experimentally. However, disagreeing with experiments, we find the CDW ordering wavevectors lie in the diagonal directions. Our result agrees with previous approximate theoretical calculations involving hot spots [21, 22] .
In Fig. 3 (b) we plot ∆S s/d ( Q), namely the difference of S s/d ( Q) with and without the AF fluctuations. Here a clear peak is observed at Q 0 = (2π/λ, 2π/λ) where λ ≈ 8a/3. In a L = 16 system this peak wavevector is consistent with that connecting a pair of hot spots displaced in the diagonal direction, namely Q 0 = (2π/3a, 2π/3a). The black dots in Fig. 3(d) shows the dependence of ∆S d ( Q 0 ) on 1/L. The extrapolation to L = ∞ gives zero within errorbar hence suggesting there is no long range CDW order. Given the fact that the ground state possesses SC long range order this should not be a surprise because these two types of symmetry breaking compete with each other.
CDW correlation induced by both AF and nematic fluctuations The fact the predicted directions of the CDW ordering wavevector are inconsistent with experiments makes us to suspect that AF fluctuations alone is insufficient to account for the intertwined orders in the cuprates. Motivated by the fact that nematicity have been observed in many cuprates [13] [14] [15] [16] , we add the nematic fluctuations to the effective action (see supplementary information IV). The parameter that controls the strength of the nematic fluctuations is r n . Large r n causes the nematic order parameter to become disordered. In Fig. 3(c) we plot S s/d ( Q) after the inclusion of the nematic fluctuations. Here we choose r s = 0.5, r n = 0.5 which is on the disorder side of both the AF and nematic phase transitions. The results show the d-wave bond CDW with wavevectors Q = (±2π/λ, 0) and (0, ±2π/λ) where λ ≈ 8a/3 becomes the dominant instability ! The S d ( Q) without and with the nematic fluctuations are plotted over the entire Brillouin zone in Fig. 4(a) and Fig. 4(b) . These plots confirm the global maximum of ∆S d ( Q) in the whole Brillouin zone indeed locates at the previously described locations.
Even with the nematic fluctuations the CDW correlation is short-range. This is shown by the red points of Fig. 3(d) which plots ∆S d ( Q 0 ) as a function of 1/L, again the extrapolation to the thermodynamic limit suggests there is no CDW long range order. However even short-range CDW correlations can imply a substantial CDW susceptibility. In its presence an actual CDW pattern may be induced when there is external translation symmetry breaking perturbations such as quenched disorders. Such kind of patterns can be observed in an STM experiment. In Fig. 5(a) , we show a static CDW pattern induced by the open boundary condition in the system of size L = 16. The action used to generate this pattern has sufficiently strong nematic fluctuations so that the CDW ordering wavevectors are in the horizontal and vertical directions. The CDW modulation wavevector is about 2π/3a agreeing with the momentum distance be- An open and interesting issue concerning the CDW is whether it is uni-or bi-directional. The answer relies on the sign of the quartic coupling between the horizontal and vertical CDW order parameters in the Ginzburg-Landau action. Since the quartic term only becomes significant when the magnitude of the order parameter is appreciable, it is difficult to answer this question by watching the induced CDW pattern, such as that in Fig. 5(a) , in a system without the CDW long range order. However in a Monte-Carlo simulation we can determine the concurrence probability P (B x , B y ) where B x,y are the CDW order parameters associated with Q = (±2π/3a, 0) and (0, ±2π/3a), respectively. If the quartic coupling favors the uni-directional CDW, the peaks of P should appear on the horizontal and vertical axes of the (B x , B y ) plane. Conversely if the quartic coupling favors the bi-directional CDW the peaks should appear along the diagonal direction. In Fig. 5(b) we plot P over the (B x , B y ) plane. Four peaks on horizontal and vertical axes are seen, implying the quartic coupling term favors the uni-directional (stripe) CDW.
The effects of nematic fluctuation on pairing
Finally we return to superconductivity. Specifically we study the effects of nematic fluctuation on the SC order. In Fig. 2(c) , we plot the SC pair correlation at x max for L=14, with and without nematic order parameter fluctuations, as a function of r s . The d-wave SC pairing correlations is moderately enhanced in the presence of nematic fluctuations (r n = 0.5). In Fig. 2(d) , we perform a finite-size scaling of the s-and d-wave pair correlation functions with both AF and nematic fluctuations (r s = r n = 0.5). The extrapolated d-wave SC order paramater is greater than the value induced by the AF fluctuation alone. We have also studied SC in the nematic long range ordered phase. Interestingly even under that condition the SC long range order is significantly enhanced. Because in the nematic phase the d and s wave SC order parameters can mix, in Fig. S1(a) and Fig. S1(b) of supplementary information V we show the L-dependence of both order parameters. When extrapolated to the thermaldynamics limit the d-wave SC order parameter is much stronger than the s-wave one.
To conclude, our intrinsically unbiased QMC study of an effective theory involving the same hot spots as the cuprates clearly indicates that in order to describe the intertwined orders in the cuprates nematic fluctuations are indispensable. Remarkably, the coupling to nematic fluctuations not only gives rise to correct d-form factor bond CDW ordering but also enhances the d-wave superconducting long-range order. Assuming that hot spot based effective theories could capture the essential low-energy physics of the cuprates, our results significantly further the understanding of pairing mechanism in cuprates.
SUPPLEMENTARY INFORMATION I. The AF effective action
The AF effective action based on the two-band model is given by S = S F + S s where
Here i labels the sites of a square lattice, α = x, y labels the two orbitals (which transform into each other under the 90
• rotation) from which the red and blue Fermi surfaces in Fig. 2(b) are derived from, τ denotes the imaginary time and β is the inverse temperature. In Eq. (S1) ϕ is the Neel order parameter and the operator ψ iα is a spinor operator which annihilates an electron in orbital α and on site i. The three σ are the spin Pauli matrices.
The parameters in this effective action include the spin wave velocity c s , and r s which tunes the system across the AF phase transition, and u s is the self-interactions of the φ field, and λ s is the "Yukawa" coupling between the electrons and the AF fluctuation. The hopping integral t ij is chosen to be among nearest neighbor sites and equal to t = 1.0 for x(y)-orbital along x(y) direction and t ⊥ = 0.5 for y(x) orbital along x(y) direction. We choose the chemical potential to be µ = −0.5 such that the Fermi surface is shown in Fig. 1(b) .
Aside from the square lattice spatial symmetries the action is invariant under the anti-unitary transformation U = iτ z σ y K, where τ z is the third Pauli matrix acting in orbital space and K denotes complex conjugation. It can be shown that because of this symmetry, the fermion determinant for arbitrary ϕ i (τ ) configuration is positive hence the QMC simulation is free of minus-sign. This enables us to perform large-scale projective QMC simulation. In the calculation we fixes λ s , c and u s to unity, and vary the value of r s to control the severity of AF fluctuation. From the computed Binder cumulant associated with the AF order parameter we determined the AF quantum critical point to situate at r s,c = 0.25 ± 0.1, consistent with the results of Berg et al.
II. The superconducting pair correlation function
To investigate whether Eq.(S1) and Eq.(S2) support superconductivity we compute the equal time pair-pair correlation functions
where
are the s (+ sign) and d (− sign) wave Cooper pair operators, respectively.
III. The bond CDW structure factor
We define the bond CDW operator at site i as 
In the simulation we choose r n = 0.5(0.0) on the disorder (ordered) side of the nematic phase transition and c n = u n = λ n = 1.
V. Superconductivity in the nematic ordered phase
Due to the likelihood that the superconductivity in the hole doped cuprates occurs in the nematic ordered phase, in this section we study the coexistence of superconductivity and nematic long-range order. The results are shown in Fig. S1 . It is worth to mention that in the nematic ordered phase the d and s wave pairing can mix. This is shown in Fig. S1 (b) where a minor s-wave component coexists with the dominant d-wave component. Such mixture has been observed in YBCO where the four-fold rotation symmetry is explicitly broken by the copper-oxygen chains [1] . 
